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Abstract 



C*~) ■ From the freedom exhibited by the generalized Einstein action 



proposed in [Ij, we show that we can construct the standard effec- 
ly-^ \ tive Einstein-Cartan action coupled to the fermionic matter without 

the usual current-current interaction and therefore an effective action 
which does not depend neither on the Immirzi parameter nor on the 
torsion. This establishes the equivalence between the Einstein-Cartan 



OO 

' theory and the theory of the general relativity minimally coupled to 

■ the fermionic matter. 



In the last few years, the "tetrad-connection" form of the Einstein grav- 
itational action modified by the Hoist term |2j is used as a starting point 
of the non-perturbative quantization of gravity [5] [3], [5] (and references 
therein). This modified action, which depends on a new dimensionless param- 
eter known as the Barbero-Immirzi (BI) parameter [6], [7j, does not modify 
the classical vacuum Einstein equations. But in presence of minimally cou- 
pling of fermionic matter a nonvanishing torsion emerges leading to equations 
of motion which depend on this parameter [S], [9], [TO]- This nonvanishing 
torsion appears in the effective action under the form of a current-current 
interaction term with a coupling constant determined by the BI parameter. 
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Thus, even at the classical level the effects of this parameter must be ob- 
served. This leads to bring up the question about its physical origin which 
is still debated in many works where different interpretations are proposed. 

In vacuum, a possible interpretation of the BI parameter as an analog of 
the 6 parameter that describes the different sectors associated to the topolog- 
ical structure of large gauge transformation in Yang-Mills theory is proposed 
in [TTJ. In [T2] this analogy is investigated within the framework of the 
Einstein-Cartan theory nonminimally coupled to the fermionic matter where 
it is shown that when the equation of motion of the connection is satisfied 
the sum of the Hoist term and the nonminimal term of the fermionic sector 
reduces to a term where the BI parameter becomes a coefficient of the Nieh- 
Yan [T3] topological invariant which is a total divergence not affecting the 
equations of motion and therefore does not modify the usual second order 
effective action of Einstein-Cartan coupled to the fermionic matter. This 
topological interpretation of the BI parameter is analyzed in [T3] , [15] where 
the topological term is played by the Nieh-Yan density. It is also shown in 
[TO] that the BI parameter is not detectable in classical theory even after 
nonminimal coupling of fermions. Much more, the BI parameter is promoted 
to be a field interacting with gravity rather than a constant in [T7], [18], |19j . 
[20] , especially in [21] where it is shown that the chiral anomaly is reabsorbed 
by a redefinition of the BI field. More recently a different interpretation is 
proposed in [22] where, from the extension of the Plebanski theory, it is 
shown that the BI parameter is related to the cosmo logical constant. 

In the above-mentioned works the incorporation of the nonminimal cou- 
pling of the fermionic matter into the Einstein-Cartan theory permits to 
discard the effects of the BI parameter but not the current- current interac- 
tion term in the effective action. This makes the physical predictions of the 
Einstein-Cartan theory different from those of the theory of general relativ- 
ity which does not contain spin-spin interaction induced by a nonvanishing 
torsion. Let us recall that, up to now, the experimental successes of the stan- 
dard model of particle physics and of the theory of general relativity seem 
to be in favor of the minimal coupling procedure free of the torsion of the 
connection. 

In a previous paper [TJ, the Einstein-Cartan action is generalized by 
adding an infinity of non trivial local actions which lead to the classical vac- 
uum Einstein equations. In this paper we show that we can deduce, from this 
generalized action, the usual second order effective action of Einstein-Cartan 
theory minimally coupled to fermionic matter without current-current inter- 
action term nor BI parameter-dependent and therefore an Einstein-Cartan 
theory minimally coupled to fermionic matter equivalent to the theory of gen- 
eral relativity with fermions where the torsion of the connection is assumed 
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to vanish. 

We start with the gravity action proposed in pQ which we couple mini- 
mally to the standard real Dirac Lagrangian 



S(e,u,*) = J (j^eijKLe 1 A e J A VL KL + ^0 7 A 0/ + F(0 2 )e^ 

M 

J *ej A fijyv^ - c.c) . 



M 

i 
2 



M 



Here Ai is the 4-dimensional space-time manifold, /, J... G [0,1,2,3] 
are internal Lorentz indices, cijkl are the components of the totally an- 
tisymmetric Levi-Cevita symbol, 60123 = 1 = — e 0123 and e 1 = ej^dx^ is 
the co-tetrad one-form valued in the vectorial representation space endowed 
with the flat metric rjjj = diag{— 1, 1, 1, 1). The metric rjjj and its in- 
verse r] IJ are used to lower and to lift the Lorentz indices and to determine 
the metric = e^e^ijjj of the tangent space of the manifold M.. Q IJ 
= du IJ + uj^ A u) N is the curvature two-form associated to the connection 
one-form u IJ = uj/dx 11 = oj ij k A e K valued in the Lorentz Lie algebra and 
k = 8t[G where G is Newton's gravitational constant in unit c = 1. 

In the second term of ([1]) 

Q 1 = Ve 1 = de 1 + u T K A e K = & KL e K A e L 

is the torsion two-form and D is the exterior covariant derivative. From the 
identity 



7 a 0/ = d (e 1 A Vei) + e 1 A VVa = d (e 1 A £>e 7 ) + e 1 A e J A Vt u 

we see that this term is equivalent, up to the surface term which is the Nieh- 
Yan [13] topological invariant, to the one of Hoist. Hence 7 can be identified 
to the BI parameter assumed to be real in the following. 

In the third term of the action (jTJ, F is a C°° real function of the scalar 
2 given by Q 1 A *0j = 2 e, where e = t^ijklZ 1 Ae J Ae K Ae L = ed A x — *1 
is the volume form and e = det(e) is the determinant of e*. 

In the tetrad formalism, the dual map * acts as 

* (e h A ... A e Iq ) = 7- — - — tt e x ^ q T T e^ +1 A ... A e h (2) 
which by linearity determines the action * on any differential form. 
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Finally in the fourth term, 7 7 are Dirac matrices and the exterior covari- 
ant derivative T> acts on the Dirac spinors \& as T>^! = d^fr + ^~<jjjty where 
au = 7j] are the generators of the Lie algebra of the Lorentz group in 
the Dirac spinorial representation, "c.c" indicates the complex conjugate of 
the preceding term. 

Due to the signature of the metric rjjj = \ (777 j + 7j7/), the Dirac 
matrices satisfy the following properties: (7 ) 2 = —I, (7J 2 = I, 7} = 7o7/7o> 
lo a KL = - a KLlo leading to = d^-^a u ^ where * = #7° with ^ is 
the Hermitian conjugation of the column These Dirac matrix properties 
lead to the relations 



[7a/, okl} + = -itMKLNlsl and [7 M , a KL ] = tJmkIl ~ Vml7k 

where 7 5 = ry 7i7 2 7 3 satisfying 7J = 7 5 and (7 5 ) 2 = /. 

With respect to an arbitrary variation of the connection, the principle of 
least action gives the following equation 



(3) 

where 5f£ L] = \ (<M - S[5 J K ) = and J 1 = #7 5 7^ is the axial 

fermionic current. F'(x) = dF }^ denotes the derivative of F(x) where 
x = Q 2 . 

To solve this equation, we decompose the torsion components Q IJK into 
three disjoint representations of the Lorentz group as 

qIJK = e UKP Ap + ( V U A K _ V IK A J^ + T IJK (4) 

where e IJKP Ap is completely antisymmetric in J, J, K, A 1 is the trace com- 
ponent and T IJK has vanishing trace and vanishing completely antisymmetric 
projection, i.e., T IJK + T IKJ = 0, r] LJ T IJK = and T IJK + T JKI + T KIJ = 0. 
From the substitution of (j4j) into the equation ([3]), we obtain 



e RKLP {(1-2F')A P + -A P 

7 

rf K ( (2 - F') A L - ^A L ^j - V RL 

+T JNM ( (1 + F>) 6fs K 6 L M + l €NM JR S ^ = -\^J P . (5) 



((2-F')A k -±aA^ 



Contracting this equation with 6rklj then with r\ RK we get 

1-2F')Aj + -Xj\=-- a Jj (6) 
7 J 4 

and 

(2 - F') A L - -A L = (7) 

7 

respectively. Inserting (JBJ) and (jTJ) into (jSJ) we get 

T INM ((1 + F') tff 44 + ± = 0. (8) 

By combining with (J7|) we obtain the irreducible components of the 
torsion in terms of the axial current as: 

8>yB J ' * 8B J W 

defined when B = (F' — |) (F' — 2) + 4j ^ from which follows that the 
function F is such that the image Im(F') of F' is disjoint from the roots 
riand r2 of the equation B = 0. 

By contracting © with (1 + F') - ±e KL TS S^ T] we get 

T IKL {{l + F'f + ^j =0 (10) 

leading to 

T IJK = 0. (11) 



Recall that the parameter 7 and the function F are assumed to be real 
in this paper. 

One must notice, however, that the first equation of (jHJ) violates the parity 
transformation. The trace component A L of the torsion has to be a proper 
vector but according to this equation it turns out to be proportional to an 
axial spinor current. As we show below, this apparent inconsistency, caused 
by the Hoist term which is not invariant under the parity transformation, 
does not affect the effective action. In fact, in its absence which corresponds 
to the limiting case 7 — > 00, we deduce from ( FlUj) . (j7|) and (jSJ) the equations 

T IJK = 0, A L = 0, A L = J n J L (12) 

y \* -2) 
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which are invariant under the parity transformation and defined when the 
image Im(F') of F' is disjoint of the points — 1, 2 and |. This condition is the 
same as the one of the pure gravitational sector where the Einstein-Cartan 
theory becomes equivalent to the theory of general relativity pQ. 

In order to determine the contributions coming from the different irre- 
ducible components (jlj) of the torsion to the action (TIT) , we have to solve the 
structure equation Ve 1 = de 1 + uj 1 j A e J = Q 1 by splitting the connection 
u IJ into two parts co IJ = u(e) IJ + C IJ where co IJ (e) is the uniquely de- 
fined torsion-free so(3, 1) spin connection compatible with the tetrad, De 1 = 
de 1 + u 1 j A e J = 0, and C IJ = C IJ ll dx 11 = C IJ K e K is the contortion one-form. 

To get a metric connection, T>r] IJ = 0, the contortion must satisfy C IJ + 
C JI = 0. It is explicitly given in terms of torsion by 

C UK = (QJIK + qKIJ _ Q IJKj (13) 

from which we deduce 

Ve 1 = Ve 1 + C J j A e J = C J j A e J = C[ JK e K A e J = 9 J [ JK e J A e K = 9 J . 

In terms of the irreducible decomposition (jlj) of the torsion, the contortion 
([IB"]) reads 

C'kl = -<?kl P ^p + 2 ^A K - 271^ + 2T L l K (14) 

and 

Q 1 a *6/ = 6 2 e = (-U^Ai + 12A J A/ + 2T IJK T IJK ) e (15) 

where we have used the dual map (j2J) and e 1 A e J A e K A e L = —e IJKL e. 

The relation between the curvature Q IJ = du IJ + u ! N A ui NJ associated 
to the connection oo IJ , the contortion C IJ and the curvature fl IJ = duj IJ + 
uj N Au NJ associated to the torsion-free so(l,3) spin connection oj ij (e) is 
obtained by acting the square of the exterior covariant derivative T> on the 
vectorial representation V 1 as 

VVV 1 = rtjV 3 = (q T j + PC j + C T N A C 1 ?) V J . (16) 

In terms of the torsion-free so(l, 3) spin connection and of the contortion, 
the action (jTJ reads 



6 



S{e, u, = J \eimLe 1 A e J A Q KL - % - J * e/ A (# 7 J D* - c.c) 

+^ y Qe 7J ^ L e / Ae J AC> C NL + V A 6 7 + F(6 2 )e) 

M 

+^Je I Ae J Ae K AC IJ J K (17) 

where the contribution of the term T>C IJ of (fl6i) is ignored since it reduces 
to a total derivative due to the fact that Ve 1 = 0. In (IT7j) . the first line of the 
action describes the torsion- free part. The second and the third line describe 
the coupling of the axial fermionic current with the non-propagating torsion. 

The substitution of (jl]) and (JHJ) into (TT7|) gives the explicit form of the 
contributions coming from the irreducible components of the torsion 

S(e, u, *) = y ^e/j^e 7 A e J A H KL — ~ y * e/ A (W^P* - c.c) 

M M 

+^ y i (244% - e"^^^) 6 

+^ y F(-12^M 7 + 12A% + 2T IJK T IJK )e 

M 

+ lk j (" 24A/A/ + 6A ' Al ~ ± tIJKt ku) e 

+i y 

It is easy to see that an arbitrary variation of (fIB|) with respect to Ai, A/ 
and T/j/f gives the expressions of the irreducible components of the torsion 
in terms of the axial current and (11 ip . 

Now, we are ready to discuss the action f JT8|) . We start by verifying the 
usual case F = which, from (j^J), gives 

A L = ^ 7 L A L = 2kl2 7 L (19) 

8(1+ 7 2 ) J ' A 8(1 +1 T ■ U9j 
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By substituting these values of torsion components and ffTTj) into ffTHj) . we 
recover the second-order tetrad action of general relativity action coupled to 
the fermionic matter ITO] 



S{e, cj, *) = ^ y ^e Wi e 7 Ae J AQ KL - l -J *e 7 A (tf 7 7 £>* - c.c 

.M .M 



3/c 7 
16 



which exhibits the BI parameter dependence in front of the current-current 
coupling. 

Note that, although the first equation of f[T$j) violates the parity trans- 
formation, it leads to an invariant current- current interaction term in the 
effective action. 

In the absence of the Hoist term, we can consider any dimension d of the 
space time manifold A4 where the action ([1]) and (fl8|) read respectively 

S(e } u^) = ^J (* (e K Ae L )An KL + F(Q 2 )e)-^J *e 7 A (¥ 7 7 D* - c.c) 

M M 

(20) 

and 



S(e, co, *) = y * (e K A e L ) A Q KL - % - J *e 7 A (^ 7 7 2^ _ c . c ) 
+ 2l / F ( 2 ^ W ^ + 4 ( rf - 1 ) A/A / + 2TWT "^) e 
+ 2l / (d " 1){d ~ 2) A ' A/ " AUKAlJK ~ ATUKT ^j) 



M 

' A IJK J IJK e (21) 

M 



where A IJK is the completely antisymmetric component of the irreducible 
decomposition ()3J) of the torsion and J IJK = [j 1 , cr 7A "] \& is the tensorial 
current which is also completely antisymmetric in /, J, K. 

An arbitrary variation of (1211) with respect to T IJK , A 7 and A IJK gives 



> d Jfc 



T 7J * = 0, A 7 = 0, A IJK = ) ' \, J IJK (22) 

8 \ F ' " 2) 



defined if the function F is such that the image Im(F') of F' is disjoint of the 
points —1, d — 2 and |. By inserting these values of the torsion components 
into fl2T|) . we get 



S(e, u^) = ^J* (e K A e L ) A n KL - % - J *e 7 A (v^W - c 

M M 

+ 2l / { F ^ IJK ^uk)-^A ijk A I jkF i {2A ijk Auk)+A ijk A ijk ) 



e 



M 



where we have replaced in the last term of the action J2TJ) the tensorial 
current by its expression in term of A IJK , J lJK = (— ) | (F 1 — |) A IJK . 
If we try to get an action without current-current interaction, and then an 
equivalence between the Einstein-Cartan theory and the theory of general 
relativity, we have to cancel the second line of this action which consists to 
solve the equation 

F(x) - 2xF' (x) + | = (23) 

where x = 2A ijk Aijk- The smooth solution F(x) = | of this equation is 
not acceptable because it contradicts the condition F' — | ^ required to 
have a well defined relation between the torsion and the fermionic current 
given in the equation (|22p but if we accept real nonpolynomial solutions, 
the general solution^ of ( 123]) is F(x) = f + Cy/x where c is any real scalar 
function which does not depend on the torsion. This solution is defined when 

x = 2A JJK A JJK )0. 

This case, F 1 — | = — , c = ^ 0, leads to a no singular value of the 

completely antisymmetric irreducible component of the torsion 



kV2A NML A NML 
which reduces, for d — 4, to 

4c 



( ) ^c a ijk = J IJK 



-.A 1 = J 1 



kV-12A K A K 
defined if the vector A L is time-like ,i.e. A I Ai(0. 



1 We thank the referee for suggesting this solution 
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Therefore, with this nonpolynomial choice of the function F, the action 
flUD reads 



1 

2k 

i 



M 



2 ' ' 

M 



* (e K A e^) A Vt + ( — — h cVG 2 ) e 



e 7 A (^7 7, D^ - c.c) 



leading to the effective action 



S eff (e, *) = — y (* (ex A ei ) A fi KL ) - ^ y *e 7 A (^ 7 7 X?$ - c.c) 

which is the standard second-order tetrad form of the Einstein-Cartan the- 
ory minimally coupled to the fermionic matter without the current-current 
term and which does not depend neither on the torsion nor on the arbitrary 
function c. 

Now, if we consider the Hoist term which work in 4-dimensional space- 
time manifold Ai only, the relations (Q show that for the regular value 
F' = 2, B = X 2 ± 0, we get 

A L = Qj T IJK = Q) A L = _^ljL ( 24 ) 

8 

which make the action ( f!8|) more simple. In fact, from the solution F(Q 2 ) = 
29 2 + C l = 24A 7 A/ + C* of the equation F' = 2, the F-term of the action © 
writes _F(0 2 )e = 20 J A *Oj + C l e where the constant is proportional to the 
cosmological constant. For gravity without cosmological constant , C* = 0, 
the action (jTJ reads 



5(e,w,*) = ^ y QewLe 7 A e J A Q KL + ~9 J A 9 7 + 20 7 A *e 7 J 

y *e/ A (¥7 J £>* - c.c) . (25) 



In spite of the fact that the nonvanishing torsion is given by the relation 
24]) which violates the parity transformation, it does not appear in the action 
IE}. In fact by inserting A L = 0, T IJK = and F(Q 2 ) = 26 2 = 24A / A / 
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into (|25[) . which consist to make this insertion into (|18p . we see that the Hoist 
term and the last one which describes the coupling of the torsion with the 
current vanish while the third and the fourth line cancel each other out to 
reduce to the effective action 

S eff {e, *) = ^J tUKie 1 A e J A h KL - % - J *e z A (¥ 7 7 P* - c.c) (26) 

M M 

which is the standard second-order tetrad form of the Einstein-Cartan theory 
minimally coupled to the fermionic matter without the current- current term 
and which does not depend neither on the torsion nor on the BI parameter. 

Note that although the effective action (12"B"|) does not depend of the BI 
parameter, the Hoist term is necessary to get a well defined relation between 
the trace component of the torsion and the fermionic current (T24"]) . In its ab- 
sence, 7 — > oo, F' = 2 is a singular point which makes the trace component 
undetermined with or without fermionic matter. This undetermined trace 
component does not appear to have any physical significance as we see it from 
(I18p : in fact if 7 — > 00 and if we consider the solution F(Q 2 ) = 2B 2 of the 
equation F' = 2 the trace component disappears but an arbitrary variation 
with respect to T IJK and A 1 gives T IJK = and A 1 = i^J 1 leading to an 
current- current interaction term j^J 1 Ji in the effective action. 

We conclude this work by emphasizing that as opposite to the usual 
tetrad form of the gravitational action with fermions where a torsion emerges 
under the form of current- current interaction which is either 7-dependent in 
the Hoist-modified Einstein-Cartan theory or 7-independent in presence of 
nonminimally coupled fermionic matter, we have shown that if, in addition to 
the Hoist-modified Einstein-cartan theory, we add a torsion term of the form 

@ 7 A*@/ ([25]) we obtain an effective Einstein-Cartan theory minimally 

M 

coupled to the fermionic matter ( T2"6"]) where neither the torsion, which induces 
the current-current interaction, nor the BI parameter take place. Therefore, 
the generalized Einstein-Cartan action (125]) is equivalent to the theory of the 
general relativity minimally coupled to the fermionic matter. Note that this 
equivalence is not based on a completely vanishing torsion, its irreducible 
trace component does not vanish ( 1241) . This leads to a space-time manifold 
with a nonvanishing torsion depending on the BI parameter which does not 
induce physical effects because of its absence in the effective action (126]) . 

We have also shown that if we add to the Einstein-Cartan action a non- 
polynomial term in torsion of the form ^ J + cv 7 ©^ e we obtain an 

effective action equivalent to the theory of the general relativity minimally 
coupled to the fermionic matter. This equivalence is not based on a van- 
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ishing torsion also, its irreducible completely antisymmetric component does 
not vanish (1221) . In spite of the fact that it is related to the fermionic current, 
it is an inert quantity which does not affect the evolution equations. Note 
that we can see from (122]) that the presence of the fermionic matter is neces- 
sary in this case because in its absence we can not obtain a vanishing torsion 
which is a condition to have an equivalence in pure gravitational sector. 
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